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We discuss Fermi-edge singularity effects on the linear and nonlinear transient response of an electron gas
in a doped semiconductor. We use a bosonization scheme to describe the low-energy excitations, which allows
us to compute the time and temperature dependence of the response functions. Coherent control of the energy
absorption at resonance is analyzed in the linear regime. It is shown that a phase shift appears in the coherent
control oscillations, which is not present in the excitonic case. The nonlinear response is calculated analytically
and used to predict that four wave-mixing experiments would present a Fermi-edge singularity when the
exciting energy is varied. A new dephasing mechanism is predicted in doped samples that depends linearly on
temperature and is produced by the low-energy bosonic excitations in the conduction band.
DOI: 10.1103/PhysRevB.63.245321 PACS number~s!: 78.47.1pI. INTRODUCTION
The promotion of an electron from a localized state in the
valence band to an empty state in a partially filled conduc-
tion band is accompanied by a dynamical response of the
Fermi gas. The enhancement of the absorption probability
when the new electron is promoted just above the Fermi
level is known as the Fermi-edge singularity ~FES!.1 This
phenomenon has been observed in continuous-wave spec-
troscopy in a variety of doped semiconductor
heterostructures.2,3 FES arises as a result of the interplay
between two different physical processes: the sudden appear-
ance of a hole potential and the presence of an extra electron
at the conduction band. Both effects produce charge-density
oscillations involving low-energy electron-hole pairs. The
constructive interference between these two effects gives the
FES. Following the seminal work of Schotte and Schotte,4
these low-energy electron-hole pairs can be described as To-
monaga bosons.
Coherent ultrafast spectroscopy of undoped semiconduc-
tors, where excitons are the relevant excitation, has been
much more widely addressed than that of the doped case.
Both linear and nonlinear techniques, like coherent control
~CC! and four wave mixing ~FWM!, have been used to study
the decay of the optical coherence induced by the laser in
undoped samples.5 In the case of doped systems, only a few
experiments has been performed. Kim et al.6 carried out
FWM experiments in n-doped GaAs quamtum wells that
presented FES in continuous-wave spectroscopy. In this ex-
periment it was determined that the carrier-carrier scattering
rate was a decreasing function of the exciting energy ~above
the Fermi energy!, in agreement with Landau theory. How-
ever, the spectral width of their laser pulses was larger than
the Fermi-energy of the electron gas so that Fermi-edge ex-
citations coexist with higher-energy electrons. Bar-Ad et al.
performed FWM experiments under strong magnetic fields
finding indications of the nonlinear response of the FES.7
Brener et al.8 performed off-resonant pump and probe ex-
periments in n-doped GaAs QW, probing the ac Stark shift ~a
nonresonant nonlinearity! in contrast with the works by Kim
et al., and Bar-ad et al. which measured resonant nonlineari-
ties. From the theory side, Perakis et al.9–11 have studied the0163-1829/2001/63~24!/245321~8!/$20.00 63 2453coherent nonlinear response of the FES, either under ul-
trashort laser pulses, or under nonresonant excitation, i.e.,
when the nonlinearity comes from an intense laser pulse
spectrally peaked below the absorption threshold.
Our paper addresses a physical situation slightly different
from all of the above; a doped semiconductor, in zero mag-
netic field, is excited by laser pulses spectrally peaked
around the absorption threshold, so that absorption takes
place. Moreover, the laser pulses are spectrally narrow ~com-
pared to the Fermi energy eF measured from the bottom of
the conduction band! so that the photoexcited electrons have
energies close to the Fermi level, but the pulses are shorter
than T2 so that transient coherent effects can be observed.5
Our main findings are ~i! CC of the energy absorbed by
the system ~the analogous of CC of the exciton density12–14!
can be performed in doped samples. CC oscillations show a
characteristic phase shift, which depends on the exponent of
the continuous wave FES. ~ii! The intensity of the FWM
signal shows a singularity when the exciting frequency is
varied near the Fermi edge. ~iii! The optical coherence in-
duced by the laser, both in the CC and FWM situations, has
an intrinsic exponential decay roughly proportional to the
temperature T. At zero T, the intrinsic decay follows the
well-known power law associated to the FES in the linear
response.1
FES can be understood in a model of spinless free elec-
trons, which only interact with a photoexcited hole.1,15,17
Within the Nozie`res-De Dominicis scheme we consider a
localized hole and a contact interaction:
H5 (
k50
kD
ekak
†ak1~Eg1eF!d†d1
V
N (k ,k8
kD
ak
†ak8d
†d , ~1!
where d† creates a localized hole and ek is the dispersion
relation of electrons at the conduction band, created by ak
†
.
kD is a wave-vector cutoff, V the attractive potential between
the hole and the electrons in the conduction band, and N the
linear size of the system. It must be stressed that two differ-
ent kind of excitations appear in the Hamiltonian ~1!: the
valence hole, and the conduction electron-hole pairs, which
can be described, close to the Fermi energy, as bosonic
excitations.4 These conduction electron-hole pairs are totally©2001 The American Physical Society21-1
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involve both the conduction and the valence band.
We discuss now some of the approximations involved in
Hamiltonian ~1!. First of all, we assume that the valence hole
has an infinite mass and it does not recoil in its interaction
with the conduction electrons. Considering a finite mass hole
would render extremely difficult an analytical calculation of
the transient nonlinear response. In general, holes have a
finite mass in real semiconductors. However, there is a num-
ber of situations in which the hole can behave as an infinite
mass particle. Strong localization of the holes can happen
due to both alloy fluctuations in general and single mono-
layer fluctuations in narrow quantum wells. The hole is also
strongly localized in the case of ‘‘acceptor to conduction-
band’’ transitions in an n-doped semiconductor slightly com-
pensated with acceptor impurities like Beryllium.3 From the
theory point of view, it is well established that the finite mass
of the valence hole reduces the FES, especially in
emission.16 Hence, the experimental observation of FES in a
real system supports the existence of strongly localized va-
lence holes.
Second, Hamiltonian ~1! only includes a single valence
hole. This is known to give the correct linear response in
semiconductor samples. Nevertheless, in the case of exci-
tons, two valence hole states must be included in order to get
the correct third-order optical response,18 which has a con-
tribution coming from the exciton-exciton interaction. Note,
however, that Eq. ~1! is analogous to a two-level system ~the
valence hole! dressed by the final-state interaction with the
Fermi sea electrons. This implies that the single valence hole
case presents optical nonlinearities that do not exist in the
excitonic case, and govern the nonlinear response in a low
excitation regime. The most important process that invali-
dates this approximation is the overlap between the different
perturbations induced on the conduction electrons by valence
holes at different sites. The range of this perturbation can be
estimated as kF
21
. The overlap will be negligible if the den-
sity of photoexcited valence holes (nvh) is low enough, so
that the distance between valence holes is greater than kF
21
.
This is the case for typical excitation densities of 109,
1010 cm22 in FWM experiments in doped GaAs quantum
wells with a Fermi energy of 20 meV, so that kF
21nvh
1/2
’1022. In this range the Coulomb interaction between car-
riers at different valence hole sites can also be neglected.
Under these conditions, the optical response of a sample with
many valence holes will be equivalent to the optical response
of Hamiltonian ~1!.
This paper is organized as follows: In Sec. II we review
the bosonization approach to the FES linear response. Our
original contribution starts in Sec. II C, where we use this
approach to obtain the nonlinear optical response of the FES.
In Sec. III we discuss the predictions of the linear-response
theory at finite temperature in the case of a CC experiment.
In Sec. IV we apply our calculation of x (3) to the case of
various FWM experiments. The discussion of our results is
made in Sec. V, where we consider the comparison of the
dephasing mechanisms contained in Eq. ~1! with other
competing processes.24532II. THEORETICAL FRAMEWORK
A. The bosonization scheme
Since only states close to the Fermi level are excited, we
can approximate the dispersion relation by ek5(k2kF)/r
with r being the density of single-particle states at the Fermi
level. We consider a hole potential V isotropic and weak, so
that only s-wave scattering is important. Under these condi-
tions, the problem becomes that of one-dimensional elec-
trons with linear energy dispersion. The bosonization ap-
proach allows us to express all the physics in terms of the
bosonic fields
bk
†5 (
k85k
kD
ak8
†
ak82k /AkN ~2!
with 0<k<kF . The set of operators bk , bk
† satisfies bosonic
commutation relations only when one is restricted to the low-
energy range.1 We define Hi as the initial Hamiltonian with-
out a valence hole (d†d50) and H f as the final Hamiltonian
after the photoexcitation of the valence hole (d†d51). They
can be written in terms of the bosonic operators:4
Hi5(
k
k
r
bk
†bk ,
H f5v01(
k
k
r S bk†1 rVAkN D S bk1 rVAkN D , ~3!
where v05Eg1eF2(Vr)2eF is the renormalized hole en-
ergy ~we set \51). The index k in bk† , bk always runs be-
tween 0 and kF .
Hi and H f are related by a canonical transformation that
describes the effect of the potential created by the valence
hole onto the conduction electrons:
H f5v01U†HiU , ~4!
where
U5expFVr(
k
1
AkN
~bk
†2bk!G . ~5!
Optical properties are determined from the adequate cor-
relation functions of the electric dipole operator P†
5m a†d† , where m is the dipole matrix element and a† is
the creation operator of conduction electrons at the localized
hole site. This operator can also be expressed as an exponen-
tial of Tomonaga boson operators:
a†5 (
k50
kD
ak
†5expF(
k
1
AkN
~bk
†2bk!G . ~6!
B. Linear response
The linear response x (1)(t) is given ~in the rotating wave
approximation! by the expression
x (1)~ t !5iu~ t !^P~ t !P†~0 !&. ~7!1-2
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der the final Hamiltonian H f in the interval (0,t):
^P~ t !P†~0 !&5^eiHtP~0 !e2iHtP†~0 !&
5^eiHitaU†e2iHitUa†&e2iv0t
5^B~ t !B†~0 !&e2iv0t, ~8!
where
B†~ t !5expF ~11Vr!(
k
1
AkN
~bk
†ei
k
r t2bke2i
k
r t!G . ~9!
The original Schotte and Schotte result4 can be extended
to the case of nonzero temperature by considering a bath of
Tomonaga bosons at thermal equilibrium in the average ~8!:
^B~ t !B†~0 !&5expH2(
k
~11Vr!2
kN H @112NB~k !#
3F12cosS kr t D G1i sinS kr t D J J, ~10!
where NB(k) is the Bose-Einstein occupation factor. We are
interested in the long-time limit of the response functions.
The cutoff in momentum space in Eq. ~10! is kF and it im-
plies a cutoff in energy space, ec5kF /r52eF , as usually
taken in the bosonization procedure. In the limit t@ec
21 we
obtain
x (1)~ t !5im2u~ t !F iec sinh~pkBTt !pkBT G
2a
e2iv0t, ~11!
where a5(11Vr)2. Expression ~11! will be valid in the
case of near-resonance excitation and spectrally narrow
pulses, that is, uv2v0u!ec , and (Dt)21!ec (v is the ex-
citation energy!. Condition kBT!ec must also be fulfilled
in order to consider low-energy excitations only. At zero
T, Eq. ~11! recovers the well-known behavior x (1)(t)
5im2u(t)(iect)2a.
In the spectral domain, the absorption is given by u(v
2v0)(v2v0)(a21) so that FES takes place for a,1. In the
time domain, the FES is characterized by the intrinsic
power-law decay of the response function ~with a,1). As
we show below, the decay of the optical coherence, i.e., the
dephasing, is an increasing function of a , which is the square
of a sum of two terms that have different physical origin and
opposite effects. The first term 1, is related to the addition of
a new electron to the Fermi level in the absorption process.
The second term 2uVru, is related to the sudden switching
of the hole potential. The first term makes dephasing more
efficient while the second one makes dephasing less efficient.
C. Third-order susceptibility
To study the nonlinear response of the electron gas we
concentrate on FWM experiments, which are usually de-
scribed by means of the third-order susceptibility x (3). How-
ever it is not evident whether a perturbative expansion in
terms of the electric field is justified in the case of the24532nonlinear optical response of Hamiltonian ~1!. Primozich
et al.10,11 have shown the validity of such an expansion pro-
vided that (mE0Dt)2!1. Considering excitation intensities
of mW, Dt50.7 ps, and known values for the interband
dipole matrix element of GaAs,19 one obtains (mE0Dt)2
’1023. Thus, we can consider terms up to the third order in
the electric field for the ultrafast transient experiments de-
scribed below.
We consider the typical situation in which the system is
excited by two mutually delayed laser pulses that propagate
along different directions, k1 and k2, with uk1u5uk2u. In any
system with translational invariance and some degree of non-
linearity in the optical response, these exciting pulses will
induce an electric dipole that will re-emit light along the
direction 2k22k1. Up to the third order in the external field,
the FWM signal is given by
FFWM~ t !5E
2‘
t
dt1 dt2 dt3 x (3)~ t2t1 ,t2t2 ,t2t3!
3E1*~ t2!E2~ t1!E2~ t3!1H.c., ~12!
where E1,2 are the electric fields in the directions k1,2 . As in
the case of CC, FWM takes place as long as the polarization
induced by the first laser pulse is not wiped out before the
second pulse reaches the sample. For this reason, both CC
and FWM can be used to measure T2. In undoped samples
x (3) is related to the exciton-exciton interaction. In the case
of the FES we are going to see that x (3) is not zero even for
noninteracting electrons. This constitutes an important differ-
ence between the doped and undoped systems.
Performing a perturbation expansion up to third order in
the electric field, it can be shown that x (3) is proportional to
the average of four polarization operators:20
x (3)~ t2t1 ,t2t2 ,t2t3!52i@u~ t2t1!u~ t12t2!u~ t22t3!
3^P~ t !P†~ t1!P~ t2!P†~ t3!&
1u~ t2t1!u~ t12t2!u~ t2t3!
3^P~ t2!P†~ t1!P~ t !P†~ t3!&# . ~13!
In ^P(t)P†(t1)P(t2)P†(t3)& the second and fourth polar-
ization operators create a valence hole, so that the system
evolves under H f inside the intervals (t2 ,t3) and (t ,t1). Us-
ing the same argument that leads to Eq. ~8!, it is straightfor-
ward to show that
^P~ t !P†~ t1!P~ t2!P†~ t3!&5m4^B~ t !B†~ t1!B~ t2!B†~ t3!&
3exp@2i~ t2t11t22t3!v0# .
~14!
Using the definition of B† given by Eq. ~9!, we can ex-
press x (3) as the thermal average of a product of four expo-
nentials of bosons. The average of a product of any number
of exponentials of bosons can be factorized into two-
exponential correlation functions. In Appendix A this fact is
used to prove the general result:1-3
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5 )j.i50
n
^B~ t i!B†~ t j!& (21)
11i1 j
, ~15!
where n is an odd integer. ^B(t i)B†(t j)& is given by Eq. ~10!
and, in the long-time approximation, by Eq. ~11!. The non-
linear susceptibility x (n) at any order n can be expressed by24532means of products of n11 polarization operators of the form
^PP† . . . PP†& . Each polarization operator can be expressed
as an exponential of bosonic operators. Thus, Eq. ~15! allows
the calculation of the optical response of the FES at any
order in the electric field in the long-time limit, under the
approximations discussed in Sec. I.
Application of Eq. ~15! to the case of x (3) yields the result^P~ t !P†~ t1!P~ t2!P†~ t3!&5m4
^B~ t !B†~ t1!&^B~ t1!B†~ t2!&^B~ t2!B†~ t3!&^B~ t !B†~ t3!&
^B~ t !B†~ t2!&^B~ t1!B†~ t3!&
exp@2i~ t2t11t22t3!v0# .
~16!This result implies that x (3) will present singularities
similar to that of x (1). Using the result of Eq. ~11! in Eq. ~16!
we obtain the following T50 expression for x (3):
x (3)}F ~ t2t1!~ t12t2!~ t22t3!~ t2t3!~ t2t2!~ t12t3! G
2a
. ~17!
This simple expression is valid for 0<a,1. Out of this
range the expression is more complicated. Equations ~12!,
~13!, and ~16! allow us to calculate the FWM signal in near-
resonance experiments, under the same conditions explained
under Eq. ~11!.
III. LINEAR RESPONSE: COHERENT CONTROL
EXPERIMENTS
In CC experiments, the sample is excited by a pair of
phase-locked identical laser pulses delayed in a time t with
respect to each other. The total energy absorbed by the sys-
tem W, as a function of the delay t , can be measured by
detecting the reflectivity changes produced by the photoex-
citation density12 or by measuring the total luminiscense
emitted by the sample.13 These experiments are carried out in
the linear- regime, where the total energy absorbed after pho-
toexcitation can be easily calculated by means of the linear-
response function:
W~t!52 ImE
2‘
‘
x (1)~ t12t2!E*~ t1!E~ t2!dt1 dt2 .
~18!
The electric field of the phase-locked laser pulses is given
by E(t)5E(t)e2iv0t1E(t2t)e2iv0(t2t). The pulses are
thus spectrally peaked around the FES transition. The enve-
lope functions are Gaussian pulses of width Dt: E(t)
5E 0e2t
2/Dt2
. Substituting the electric field into the expres-
sion ~18! it can be clearly seen that W(t) depends strongly
on t . It oscillates with frequency v0, showing that the ab-
sorption in doped semiconductors, close to a Fermi-edge sin-
gularity, can be coherently controlled. The phase and the
amplitude of these oscillations change also with t . We can
distinguish three different regimes:~i! For t,Dt , the two pulses overlap: the absorbed en-
ergy oscillates between 0 ~destructive interference! and
4WSP ~constructive interference!
W~t!52WSP@11cos~v0t!# , ~19!
where WSP is the energy transfered by a single pulse.
~ii! For t@Dt ,1/pkBT , the decay of the polarization be-
tween the two pulses is exponential, as can be seen clearly in
the behavior of x (1) for long times. It can be easily proved
that in this regime
W~t!52WSP1WCCe2apkBTtcosS v0t1a p2 D , ~20!
where WCC is the constant prefactor before the exponential
decay and is given by
WCC52p~Dt !2S ec2T D
2a
expF12 ~aDtkBT !2G . ~21!
In the general case WCCÞ2WSP , due to the finite width
of the exciting pulses and the fact that the decay is nonex-
ponential for short times. Equation ~20! shows important dif-
ferences with the case of CC of excitons. First of all, a phase
shift of ap/2 appears in the CC oscillations at long t . This
surprising behavior is not observed in undoped samples,12
where the maxima of the oscillations are exactly at t
52np/v0. The great interest of this phase shift in the CC
oscillations resides in the fact that it is independent of the
relative importance of other competing dephasing processes.
This could allow a more accurate determination of the FES
exponent a , than in continuous-wave photoluminescence ex-
periments.
Second, the exponent of the coherence decay behaves lin-
early with temperature, with the factor pa . In Sec. V it is
shown that this one is the most important temperature
dependent dephasing mechanism at low temperatures.
Thus, the measure of the decay time of the CC oscillations
could allow another independent determination of the
singularity exponent.
~iii! For very low temperatures, we can have 1/pkBT@t
@Dt . In this range, the decay of the polarization is nonex-
ponential, even when the pulses do not overlap, because of1-4
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t ,Dt.ec
21 can still be fulfilled, so the asymptotic approxi-
mation that leads to Eq. ~11! is valid. This nonexponential
decay is another important difference with the undoped case.
In an intermediate region of parameters, the integration in
Eq. ~18! must be performed numerically. The result of this
calculation is presented in Fig. 1, for T5124K , and clearly
shows the different regimes and the phase shift ap/2 and
exponential relaxation for long t .
The main conclusion from this section is that the absorp-
tion in doped semiconductors, close to the FES, can be co-
herently controlled. The decay of the polarization predicted
in cases ~ii! and ~iii! is not produced by any inelastic-
scattering mechanism or some sort of inhomogeneous broad-
ening as it happens in the CC of excitons.14 Instead, it is an
intrinsic effect due to the excitation of a continuum of
bosonic modes with a distribution of energies that implies
destructive interference in the time domain. In the absence of
the potential created by the photoexcited hole (V50), this
effect has been described as inhomogeneous broadening in
momentum space.6 However, the sudden switching of the
hole potential partially compensates the effect of the momen-
tum space broadening, reducing the dephasing. This situation
resembles that of the experiment of Wehner et al.,21 where
the electron-LO phonon scattering rate is coherently con-
trolled. In our case, the Tomonaga bosons play the role of the
phonons in that experiment, with an important difference: the
Tomanaga bosons form a gapless continuum of modes,
which leads to the dephasing of the optical polarization.
FIG. 1. Upper panel: evolution of the absorbed energy as a
function of t for Gaussian pulses of width Dt50.7 ps, a50.7, and
v051.5 eV. Only the envelopes of the CC oscillations are plotted,
corresponding to temperatures between 1 K ~outer! and 4 K ~inner!.
Lower panels: CC oscillations at t50 ps ~left! and t53 ps ~right!
for the case T54 K. In the right panel the maxima of the oscilla-
tions are not at integer values of v0t/(2p), showing a characteris-
tic phase shift.24532IV. NONLINEAR RESPONSE: FOUR WAVE-MIXING
EXPERIMENTS
In this section we study the usual transient FWM experi-
ments in which the exciting fields appearing in Eq. ~12! are
E1,2(t)5E1,2(t)e2ivt, where E1,2(t) are Gaussian pulses of
width Dt , delayed in t with respect to each other @E2(t
2t)5E1(t)# , and v is the central exciting frequency, which
is taken at the FES resonance.
A. Decay of the four-wave mixing intensity with temperature
We are now interested in the properties of the nonlinear
optical response, rather than in the dephasing processes be-
tween the pulses. Therefore, in Secs. IV A and IV B, we take
t50. From the factorization formula for x (3) given in Eq.
~16!, we expect to find, in a FWM experiment, some of the
characteristics of the FES in linear response, such as a strong
dependence on temperature.
In order to test this idea we calculate the time-integrated
FWM ~TI-FWM! intensity, IFWM5*dtuFFWM(t)u2 when the
sample is excited at resonance (v5v0) by Gaussian pulses
with Dt50.7 ps. In Fig. 2 we present our results for the
particular case a50.7, as a function of temperature. We fo-
cus on the interval between 10 and 30 K, for comparison
with experiments7 ~at higher T the condition kBT!ec is not
satisfied!. In this range our result for the decay with tempera-
ture can be fitted to an exponential form e2T/T0(a), so that we
can obtain a characteristic temperature T0(a) that governs
the decay of the FWM signal. The parameter T0 is plotted as
a function of a in the inset of Fig. 2. A similar exponential
decay of the TI-FWM of a doped sample under high mag-
netic field has been observed by Bar-Ad et al.7 If we apply
our zero magnetic field theory to their result, we would infer
a’0.7, a good value to get FES as the ones observed in
continuous-wave spectroscopy.2 This could be a hint that the
physics of the FES under magnetic fields could be described
by a model similar to the one presented here, but further
work is needed to clarify this point.
B. Four-wave mixing intensity as a function of the exciting
frequency
Now we treat the case in which t50 and the exciting
pulses are slightly out of resonance (vÞv0). Condition uv
FIG. 2. Temperature dependence of the TI-FWM signal for a
50.7, t50, and Dt50.7 ps. The inset shows the exponential de-
cay parameter T0 between 10 and 30 K as a function of a .1-5
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cedure to be valid. We have calculated the TI-FWM intensity
as a function of v for Dt50.7 ps, a50.7, and different
temperatures. Our results are presented in Fig. 3, where it is
shown that the FES appears as an asymmetric resonance in
the FWM spectrum, similar to the one which is observed in
linear spectroscopy. The FES resonance is strongly sup-
pressed with temperature and shows Lorentzian broadening
for high T, as expected from the exponential decay of x (3) at
long times. This fact allows us to unambiguously determine
the observation of the FES in the nonlinear regime. A strong
resonance in the FWM signal as a function of the exciting
frequency was reported in the work of Kim et al.,6 in a
doped sample, which also showed a FES resonance in the
photoluminescence experiments.
C. Four-wave mixing signal as a function of t
In a transient degenerate FWM experiment the nonlinear
signal can be studied as a function of the time delay, t . We
consider first the time resolved FWM ~TR-FWM! signal,
FFWM(t ,t), which is a function of both the detection time t
and the delay t . FFWM(t ,t) can be estimated by assuming
that the laser-pulse amplitudes can be approximated by d
functions ~obviously, this is justified in the case t@t@Dt).
Using this assumption, simple analytical expressions can be
obtained:
FFWM~t ,t !}2im4~ iec!23au~t!u~ t2t!e2iv0t
3F sinh2~pkBTt!sinh2@pkBT~ t2t!#
~pkBT !3sinh~pkBTt !
G2a1H.c.
~22!
For large t, FFWM(t) presents an exponential decay exp
@2apkBTt# which becomes a power-law decay t2a at zero
temperature.22
Usually, the TI-FWM intensity as a function of t ,
IFWM(t)5*dtuFFWM(t ,t)u2, is measured in the
experiments.7 In order to obtain realistic results beyond the
deltalike pulses approximation, we have performed numeri-
cal integrations of Eq. ~12! with Gaussian pulses having Dt
FIG. 3. TI-FWM signal as a function of the exciting frequency
v2v0, for the case Dt50.7 ps, a50.7, and different tempera-
tures T50.5, 1, 2, 5, 10, and 15 K ~from top to bottom!.2453250.7 ps and a50.7 as shown in Fig. 4, for different tem-
peratures. The maximum is located around t50, for which
the overlap of the laser pulses is maximum. IFWM(t) can
show nonexponential relaxation for 1/pkBT.t@Dt , in ex-
act analogy to the case of the dephasing of CC oscillations
discussed in Sec. III. For t@Dt ,1/pkBT , it can be analyti-
cally shown from our calculation of x (3) that the decay is
exponential, of the form e22apkBTt. It must be pointed out
that the two different regimes of the TI-FWM as a function
of t shown in Fig. 4 have been observed experimentally23 in
the presence of a magnetic field.
V. DISCUSSION AND CONCLUSION
The main concern of this paper is the temporal evolution
of the laser induced optical coherence of a doped semicon-
ductor in the regime where FES is observed. In marked con-
trast with undoped semiconductors, the induced coherence
decays, even at zero temperature, without the intervention of
any inelastic scattering or statistical broadening. We refer to
this decay as intrinsic dephasing. Its origin lies in the exci-
tation of a continuum of low-energy conduction electron-
hole pairs whenever a hole is promoted from the valence
band to the conduction band. In the spectral domain, these
low-energy excitations can give rise to the FES. In the time
domain they produce the intrinsic dephasing.
We have presented calculations of the optical response of
a doped semiconductor, as modeled by Hamiltonian ~1!, in
some standard experimental situations. The question is
whether the physical processes not included in that Hamil-
tonian will obscure our predictions. There are three addi-
tional sources of decay of the optical coherence that can
compete with the ‘‘intrinsic dephasing:’’ electron-electron
(e-e) scattering, electron-phonon scattering, and inhomoge-
neous broadening of the localized valence hole levels.5
A rough estimate of the decay time of the optical coher-
ence due to e-e scattering, T2
e-e
, can be obtained as the in-
verse of the scattering rate of electrons at eF . For two-
dimensional electrons it has been shown24 that (T2e-e)21
}T2log(T), at kBT!eF . At low T, this e-e dephasing is less
important than the FES intrinsic dephasing ~linear in T). Em-
FIG. 4. TI-FWM signal as a function of t ~in ps! for a50.7 and
Dt50.7 ps at different temperatures from 1 up to 5 K by succes-
sively increasing T in 1 K steps.1-6
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T2
e-e515 ps at 10 K and eF520 meV, showing a dephasing
much slower than T2
FES51/apkBT50.35 ps, for a50.7
and the same temperature. The effect of electron-electron
interaction in the nonlinear optical response of doped
samples has been considered in more detail by Primozich
et al.10,11 for pump-probe experiments, where uE2u@uE1u.
The electron-phonon interaction will also have a contribu-
tion, mainly due to the scattering between conduction elec-
trons and acoustical phonons, which are the relevant lattice
excitations at low energies. This interaction can be described
by a deformation potential Hamiltonian,1 which implies a
cubic dependence on temperature of the scattering rate
(T2ph)21}T3. We have performed an estimate of this dephas-
ing time, which yields (T2ph)21580 ns for an electron at
eF520 meV, T510 K, in a GaAs quantum well.
Thus, both electron-electron and electron-phonon effects
give rise to slower decays of the optical coherence so that
they will not compete with the FES intrinsic dephasing at
low temperatures.
The decay of the optical coherence due to the broadening
in the distribution of the hole energies depends on the par-
ticular details of each sample. However, this dephasing is
quite independent of temperature. In the case in which inho-
mogeneous broadening is more efficient than intrinsic FES
dephasing, the experimental study of (T2)21 as a function of
temperature would allow to separate the linear term,
(T2FES)21, which is the most important temperature-
dependent contribution, as we have shown.
Hence, it is our contention that the dynamics of the opti-
cal coherence of a doped sample in the FES regime, as de-
scribed in this paper, can be observed. However, the limita-
tions of both the Hamiltonian, the bosonization, and the
perturbative expansion call for further work on the theory
side.
From the experimental point of view, the realization of
the experiments suggested in this paper would permit inde-
pendent measurement of the singularity exponent a , as well
as the observation of new physical phenomena, like the
phase shift in the CC oscillations ~Sec. III! or the FES in the
time integrated FWM signal as a function of the exciting
frequency near the Fermi energy.
In summary, we have presented a theory for the transient
optical response of the FES. The use of the bosonization to
describe the low-energy excitations across the Fermi level
allows the analytical evaluation of the linear and nonlinear
response both at zero and finite temperature. CC of the en-
ergy absorbed at resonance with the FES can be performed.
CC oscillations show a phase shift that depends on the sin-
gularity exponent a . The FWM signal shows a sharp asym-
metric resonance near eF as a function of the exciting en-
ergy, and is strongly suppressed with temperature. We have
shown that both CC and FWM experiments could be used to
study the decay of the laser induced coherence or dephasing.
In contrast to the case of undoped samples, the bath of To-
monaga bosons responsible for the FES produces a new
dephasing mechanism that depends linearly on temperature.24532ACKNOWLEDGMENTS
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APPENDIX A: GENERAL EXPRESSION FOR THE
AVERAGE OF N POLARIZATION OPERATORS
In this appendix we prove Eq. ~15!, which allows us to
calculate the nonlinear optical susceptibilities at any order n.
First of all we factorize the correlation function into different
bosonic modes:
^B~ t0!B†~ t1! . . . B~ tn21!B†~ tn!&
5)
k
^Bk~ t0!Bk
†~ t1! . . . Bk~ tn21!Bk
†~ tn!& ,
~A1!
where Bk
†(t)5exp@bk*(t)bk†2bk(t)bk#, with bk(t)5(1
1Vr)ei(k/r)t. We ignore for the moment the index k
and define b j5b(t j). Using the well-known relation eAeB
5eA1Be
1
2 [A ,B] we can easily show that
^B~ t0!B†~ t1! . . . B~ tn21!B†~ tn!&
5 )j.i50
n
exp@2i Im~b i*b j!~21 ! i1 j11#
3K expH 2(
i
@~21 ! ib i*b†2H.c.#J L .
~A2!
The average in Eq. ~A2! is calculated assuming a thermal
distribution of bosons:
K expH 2(
i
@~21 ! ib i*b†2H.c.#J L
5expH 2@1/21NB~k !#U(j b j~21 ! jU
2J .
~A3!
We expand the absolute value inside of the exponential in
Eq. ~A3!:
U(j b j~21 ! jU
2
52(j.i @ ubu
22Re~b i*b j!#~21 ! i1 j11.
~A4!
We have Re(b i*b j)5(11Vr)2cos(k/r)(ti2tj) and
Im(b i*b j)5(11Vr)2sin(k/r)(ti2tj). Substituting Eq. ~A3!
into Eq. ~A2!, and writing explicitly the momentum index k,
we obtain1-7
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5 )j.i50
n F expS 2a(
k
H @112NB~k !#
3F12coskr ~ t i2t j!G1i sinkr ~ t i2t j!J D G (21)
i1 j11
5 )j.i50
n
^B~ t i!B†~ t j!& (21)
i1 j11
. ~A5!24532The factorization formula implies that x (n) of Hamil-
tonian ~1! can be expressed as a product of linear (x (1))
susceptibilities, when one restricts to the low-energy spec-
trum ~that is, resonant excitation at the FES and long-time
response!. A very similar factorization is found in other
physical problems in which a localized level interacts with
the low-energy excitations of an electron bath, such as the
Kondo effect25 or an impurity in a Luttinger liquid.26 In both
cases, the factorization formula allows us to write a pertur-
bation expansion in a parameter that plays the role of the
electric field in the FES case.*Present address: Department of Physics. University of California
San Diego, La Jolla, CA 92092.
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